Theoretical
treatments, including the methods of source-multiplication, rod-drop and source-jerk, are suggested for dealing with the spatial effects observed in several kinetic experiments for determining large negative reactivity in a reactor. An analysis by means of kinetic eigenfunctions is made on the kinetic behavior of the reactor , when these methods are applied.
For each kind of experiment, a new multi-point type formula is established to replace the current single point type expressions , in order to derive the precise reactivity value by utilizing all of the neutron counting data obtained from every part of the reactor core. In the new formulas, the raw neutron counting data are integrated in reference to space and energy, weighted with the product of the static adjointneutron density and the static fission spectrum.
This integral procedure is effective in eliminating the effects of kinetic distortion and of the spatial harmonics included in the raw counting data.
In addition, using the kinetic eigenfunctions , a new formula is also presented for determining the effective intensity of the source neutrons injected in the source-neutron-introduction method for absolute measurements of reactor power . (2) . In these methods, the formulas so far proposed and used to evaluate the reactivity value have been formulated in reference to the observables obtained at only a single spatial point in the reactor.
This resulted in the reactivity value thus determined being strongly influenced by the position of this point of measurement.
For the pulsed-neutron method, Kosaly et al. (3) and Vandeplas(4) have derived new formulas utilizing all the observables obtained at multiple space-points distributed throughout the reactor core. In their formulas, the effects of either the kinetic distortion of the neutron flux or the spatial harmonics contained in the raw data were eliminated by averaging the observables with respect to space and energy, weighted with the product of the static adjoint-neutron density and the static fission spectrum. It would appear necessary to apply this space-integral approach also to the other experimental methods, to provide the higher accuracies in reactivity determination required today for critical experiments.
It is thus the purpose of the present paper to derive multi-point type formulas for the source-multiplication, rod-drop and sourcejerk methods.
In the present work a set of kinetic eigenfunctions** are used as the bases * Tokai-mura , Ibaraki-ken. ** Kinetic eigenfunctions are exponential modes relevant to the reactor system defined by Eq . ( 5 ) , and include all the prompt-and delayedneutron modem.
for describing the kinetic behavior of the reactor.
The adoption of kinetic eigenfunctions for such purpose has been suggested in Ref. (3) which treated the pulsed-neutron method. In the ensuing Chap. II , the prompt and delayed response of a source-free subcritical reactor to the injection of a pulsedneutron burst is analyzed in preparation for the analysis undertaken in the succeeding chapters. This is followed in Chap. III by an interpretation of the pulsed-neutron method, which is essentially the same as that of Kosaly et al. ( 3) The source-multiplication method is taken up in Chap. IV, where the consideration is based on the fact that the total number of neutrons generated by multiplication is essentially the sum of the neutrons deriving from the promptand the delayed-neutron modes initiated by the pulsed-neutron bursts.
The rod-drop and source-jerk methods, which are closely related to each other, are analyzed in Chap. V with account taken of space-dependence. Finally Chap. VI deals with the response of a critical reactor to the introduction of a continuous neutron source, and a formula is derived for the effective intensity of the source that contributes to the buildup of a rising fundamental mode. The result should prove useful in improving the accuracy of the source introduction method for absolutely measuring the reactor power.
II RESPONSE TO A SINGLE BURST PULSED NEUTRONS
The response of a source-free subcritical reactor to the injection of a single burst of pulsed neutrons at t=0 will be analyzed in this chapter in preparation for the succeeding chapters.
The response Npulse(t, r, v) is obtained as the solution of a time-dependent reactor equation which can be expressed in the symbolic form (5) (1) with the initial condition (2) where S, vs and gs are respectively the number, the velocity and the position of the injected neutrons. In Eq. (1), Npulse(t,g,v)is the state vector of the reactor formed by the neutron density npulse(t,g,v) and the precursor density cpulse(t, g) :
The matrix operator M in Eq. ( 1 ) represents the net production of neutrons and precursors in a unit length of time, given by ( 4 ) where the diffusion approximation and the one delayed neutron group treatment are adopted for the sake of simplicity.
In Eq. ( 4 ), l and b are respectively the decay constant of the precursor and the fraction of the delayed neutrons, while fp(v) and fd(v) mean the fission spectra for the prompt and the delayed neutrons, respectively. The other notations are as commonly used.
Here, it is assumed that Npulse(t, g, v) can be expanded into a set of kinetic eigenfunc- 
where omu is the time eigenvalue associated with the mode Nmu(g, v). The subscript u distinguishes between the prompt and the delayed modes (u=p and u=d, respectively), while the subscript m is used to express the space-energy modes. For example, m=.0 de-notes the fundamental mode in space and energy.
It can be shown(4) that the orthogonal relation holds between the kinetic eigenfunctions Nmv(g, v) and its adjoint N+mv) :
where brackets denote inner product. In Eq. ( 7 ) the square of the norm is given by 8 which can be approximated reasonably well by ( 9 ) where the subscript V means that the volume integration is to be performed over the whole reactor*, and n+mv(r, v) is the adjoint eigenneutron density.
It can also be easily shown that, between the precursor and neutron densities, there holds the two important relations (10) (11) where c+mv(r) is the adjoint eigen-precursor density.
Using the kinetic eigenfunctions prescribed above, one can represent the response to a pulsed neutron burst Npulse(t, r, v) by (12) (13) (14) where amv is the expansion coefficient for each mode, and is determined by the source condition.
Substituting Eq. (12) in Eq. ( 2 ) one obtains, at t=0, (15) Multiplying both sides of Eq. (13) by .Nmvt (r, v), and utilizing the orthogonal relation of Eq. ( 7 ), one obtains the expansion coefficient dependent on the source condition : (16) Suppose that before the pulsed-neutron burst there exists no precursor any where in reactor core. Using the expression given by Eq. (14) for Cpulse(t , r), the initial condition represented by Eq. ( 2 ) takes the form (17) Introducing Eq. (10) into Eq. (17), it follows that (18) Since the eigenvalues |omp| are much greater than 2, Eq. (18) (6), who utilized the neutron-counting areas* of both prompt and delayed modes.
In his area method, the static reactivity in dollar units is given by (20) where A p(r) and A d(r) are the areas of the prompt and the delayed modes, respectively, measured by a fission counter placed at the position r.
In deriving Eq. (20), SjOstrand did not consider the effect of spatial harmonics. Some improvements were attempted by Gozani"' and by Garelis & Russel(8) . But the results did not prove very effective for highly subcritical reflected reactors. In the more recent theoretical and experimental work by Masters (9 ) and by Preskitt (10) , it is remarked that the reactivity obtained with the methods proposed by Gozani and by Garelis-Russel sometimes show a stronger spatial dependence than that by the classical SjOstrand method. This result is imputed to kinetic distortion of the neutron flux, which is defined as the spatial and spectral differences between the prompt and delayed modes. In order to overcome this difficulty, Kosaly where the neutron-detection efficiency of the fission counter is assumed to be proportional to uSf(r, v), which is the product of the fission cross section of the reactor core and the fission neutron yield**.
Here for convenience of later treatments, we define also a pseudo counting area by (23) which is approximately equal to the prompt counting area, by virtue of Eq. (19) : (24) Let us here define Ap and Ad as the spatially integrated values of Ap(r) and Ad(r) weighted with the product of the static adjoint neutron density:* and the static fission spectrum::, i.e. nos+(r,v)fs(v):
Using Eqs. (25) and (26), and the approximate equality (24) the ratio between AP and Ad is given by (27) It is known(10) that the neutron flux of the delayed mode vnmd(r, v) can be well approximated by the corresponding static neutron flux 95 ps(r , v):
and it can further be reasonably assumed * In the present paper , the neutron-counting area is defined as the time-integrated total neutron count obtained with use made of a fission counter in reference to a specified decay mode or kinetic behavior of a reactor. This definition differs from the earlier concepts adopted by Kosaly(3) and by SjOstrand(6), who used this term to express the time-integrated neutron flux. ** It is to be noted here that the measurements of the counting areas should be made only within the core region. V' The static adjoint-neutron density is the fundamental solution of the adjoint equation to the static reactivity eigenvalue equation. LI The static fission spectrum fs (v) is given by (1-b)fp(v)+fd(v). -15 - here that the same is true of the adjoint neutron density :
Then substituting Eq. (28) in Eq. (27), 
where S', At(r) and d are the intensity of the neutron source, the counting rate of the neutron detector positioned at r and a proportional constant, respectively. Several years ago it was pointed out by Miyawaki(11) that the source-multiplication method could be applied more precisely by introducing a subcritical constant obtained by integrating the observed neutron flux over the whole volume of the reactor. More, recently, several fast critical experiments(') have been performed with extensive use made of the source-multiplication method for measuring the reactivity worths of control rods .
In this chapter we shall attempt to improve the formula (33), so it could be applied even to a core whose singularity is accentuated by control rod insertion.
The total neutron counting rate At(r) is essentially the sum of Ap(r) and A,(r)* :
At(r)=Ap(r)+Ad(r) 
and with the approximation of Eq. (28),
This becomes, with use made of the orthogonal relation of Eq. (31),
Utilizing Eqs. ( 9 ) and (16), and approximating p0d(r, v) and n+0d(r, v) by p0s(r, v) and n+0s(r, v) respectively, one obtains the expansion coefficient for the fundamental delayedneutron mode C0d:
Eq. (42) 
where Ac(r) and Ar(r) are the neutron counting rate before the rod-drop and the integrated neutron-count following the rod-drop, respectively. Now, it has often been observed that the reactivity obtained by this formula (46) shows strong space-dependence(2) (14) . For this reason we propose an improvement aimed at obtaining the true space-independent static reactivity value.
By using a set of kinetic eigenfunctions, one can assume that the decay of the neutron and precursor densities following the roddrop can be represented by the summation of all the prompt and delayed neutron modes :
(47) (48) respectively, where a'mv is the expansion coefficient applicable to this situation.
Since c(0, r), the initial condition at t-=0, has to be related to n(0, r, v) by (49) substituting Eqs. (47) and (48) r,v) , cconti .(r)) of a critical reactor to the introduction of a continuous neutron source with an intensity of S' (neutrons/sec) can be assumed to be represented by superposing the responses nsingle(t,r,v) to single neutrons, which is none other than npulse(t,r,v) with the coefficients amu obtained by letting S equal unity in Eq . Then, the proportional constant C is adjusted to unity so that at t=0 the sum satisfies the boundary condition of Eq. (a2).
where s(v) is the neutron-detecting sensitivity of the ion chamber. Combining Eqs. (64),,,(67), and upon arrangement to let the initial distribution n(r, v) equal the static eigenfunction n0s(r, v)*, one can obtain the reactor power at t=0 :
Comparing Eq. (68) with the hitherto used formula (62), one derives the formula
As indicated by Eq. (69), the factor to be applied to S' to obtain .S'eff is the ratio of importance between the extraneous neutrons and the core average of the fission neutrons under the fundamental static mode. 
VII. CONCLUDING REMARKS
In the present work, we have taken the stand that added labor in conducting measurements is amply repaid by the resulting improvement in experimental accuracy. This standpoint is justified from the increasingly precision demanded in recent critical experiments.
The principal contribution of the present work is the set of new formulas represented by Eqs. (45), (60) and (68), respectively applicable to the methods of sourceneutron multiplication, rod-drop (source-jerk) and source-introduction, as summarized in Table 1 .
In deriving these formulas, the one-delayed-neutron-group treatment was adopted for simplicity.
But, it can be easily proved that Eqs. (32), (45), (60) and (68) the validity of which has been discussed in detail by Gross(19) . It is also to be noted here that the average decay constant of the delayed neutron precursor, which appeared in Eqs. (46) and (62), should be evaluated by the eauation (71) where bieff is the effective fraction of the i-th group delayed neutrons.
In the present analysis, all the time eigenvalues omv have been assumed to be discrete. In highly subcritical fast reactors, however, none of the prompt neutron decay constants, including that of the fundamental mode, are discrete.
Nevertheless, as discussed in what follows, the final results of the present work, summarized in Eqs. (32), (45) and (60), can be considered valid also for fast reactors. In the present work, the values of omp have not been directly utilized in a manner such that the reactivity should have to be obtained directly from o0p with use made of the calculated or the measured neutron generation time, an expedient that has been condemned by Simmon & King for the pulsed-neutron method (20) ; they were utilized only in a indirect way to express either the neutron counting area of the prompt modes A p(r) or the contribution of the prompt modes to the build-up of the precursor density in Eqs. (21) and (50) respectively.
Both these quantities, actually written in the form of summations with respect to m, could be replaced by integrals, if the continuity of omp, is taken into account.
But the former can readily be converted to the pseudo area Ad(r) through Eq. (24), which is constituted solely of the delayed neutron modes, all of which are discrete.
The latter can be readily neglected in Eq. (59) with use made of the inequality (61).
As indicated by Eqs. (32), (45) and (60), the neutron levels must be measured at multiple points throughout the core region of the reactor.
But in actuality, this is difficult to realize, and often beyond possibility from practical limitations.
Yet, such multipoint observation is indispensable in order to eliminate the effect of kinetic distortion and of the higher harmonics.
It is to be noted that n0s+(r,v)• fs(v), which is the product of the fundamental ad joint neutron density and the static fission spectrum, has been adopted as weighting function for the spatial integration of the primary observables Ap(r), Ad(r), At,(r), Ac(r) and Ar(r). This measure is truly effective for eliminating the effect of the spatial harmonics induced either by the localized neutron source (in the case of the source-neutron-multiplication experiment) or by the difference in the shape of neutron fluxes before and after the rod-drop (in the case of the rod-drop experiment).
Hence, in precise experiments, rigorous application of the formulas (45) and (60) is essential.
Even when multi-point measurements are impossible, these two formulas can be useful by employed either for estimating the systematic errors incurred by the one-point measurement or for determining the optimum position of the single detector.
As remarked earlier, the present methods require knowledge of the precise value of n0s(r, v). This applies in particular to the case of cores possessing high singularity, when detailed calculation of n0s+(r,v) becomes indispensable, while in the case of a heavilyreflected clean core n0s+(r,v) can be assumed constant without impairing the resulting accuracy(3). In this report, the detectors have been assumed to be fission counters, but in ordinary thermal reactors BF3 counters could also be used without affecting the principal features of the present methods. This is because, although the epithermal neutron counts relative to the thermal neutron counts will differ between the two detectors, the difference in the reactivity values derived therefrom will be negligible.
